Abstract. Suppose that G is a locally compact group and U is a representation of a closed subgroup H of G on a Hilbert space H. We use nonabelian duality for crossed products of C
Introduction
Suppose that G is a locally compact group and U is a representation of a closed subgroup H of G on a Hilbert space H. We consider the following problem: when does U extend to a representation of G on the same space H? When U is irreducible and H is normal, this problem was solved by Mackey [11, Theorem 8.2], and his solution is an important ingredient in his machine for determining the irreducible representations of G. Mackey's solution identified a cohomological obstruction, which is now known as the Mackey obstruction. We recently found an analogue of Mackey's cohomological obstruction for reducible representations [7, Theorem 2] . We also observed in [7] that the problem could be approached using nonabelian duality for crossed products of C * -algebras, though for technical reasons the resulting theorem only applies to amenable groups. Here we attempt to remove the hypotheses of amenability and normality in [7, Theorem 4] by exploiting recent advances in nonabelian duality [4, 2, 9] .
The general principle is that duality swaps the process of restricting representations with that of inducing representations [1, 10, 3] . Thus we expect the representation U of H to extend to one of G if and only if the corresponding representation U ∧ of the dual object is induced in some sense. When G is abelian, the dual object is the crossed product C * (G) × H ⊥ , and U has the form V | H if and only if U ∧ is induced from a representation of C * (G) -that is, if and only if U ∧ is regular [1] . For nonabelian G, duality theory involves crossed products by coactions, and the appropriate notion of regularity is that of crossed products by coactions.
Our Theorem 1 reduces the extension problem to a regularity question in the dual object; the proof is inspired by that of [6, Theorem 1] . When H is not normal, the dual object is a crossed product by a coaction of the homogeneous space G/H as in [4] , and regularity has to be interpreted in an appropriate sense (see the discussion preceding Theorem 1). When H is normal, the dual object is a crossed product by a maximal coaction of G/H as in [2] , and we can use the imprimitivity theorem for maximal coactions from [9] to obtain an elegant characterisation of the regular representations of this crossed product (Proposition 3). Theorem 1 and Proposition 3 combine to give a satisfactory answer to our extension problem for normal subgroups (Theorem 4 and Corollary 5), and we obtain partial results when the subgroup is not normal (Theorem 8 and Corollary 9).
Nonabelian duality works for crossed products by actions and coactions of locally compact groups on C * -algebras, and hence it seems sensible to work at this level of generality throughout. Thus our results give information about the following more general extension problem:
Problem. Let α : G → Aut A be an action of a locally compact group G on a C * -algebra A and H a closed subgroup of G. If (π, U) is a covariant representation of (A, H, α) on H, when does U extend to a representation V on H such that (π, V ) is a covariant representation of (A, G, α)?
There is a parallel extension problem for coactions of locally compact groups, and we intend to discuss this problem elsewhere.
Preliminaries
Throughout, H is a closed subgroup of a locally compact group G, and N a closed normal subgroup. The group G acts on the left of the homogeneous space G/H, and this induces a continuous action lt :
of unitary operators on a Hilbert space H, where U(H) has the strong operator topology.
We use left Haar measures, and denote by ∆ G and ∆ H the modular functions on G and H. Let ρ : G → (0, ∞) be a continuous function such that ρ(st) =
ρ(s) for s ∈ G and t ∈ H. There exists a quasi-invariant measure on the quotient space G/H such that
If N is a closed normal subgroup of G with N ⊂ H then ∆ H (n) = ∆ N (n) = ∆ G (n) and hence ρ(sn) = ρ(s) for all n ∈ N and s ∈ G. We can thus choose left Haar measures on G/N and H/N such that
and by M G/H the representation of C 0 (G/H) by multiplication operators on L 2 (G/H). Our conventions regarding actions and coactions of G on a C * -algebra A are those of [3, Appendix A]. We emphasise that all the group algebras and crossed products in this paper are full; in other words, they are universal for an appropriate family of covariant representations.
We denote by X the ((A ⊗ C 0 (G/H)) × α⊗lt G)-(A × α H) imprimitivity bimodule implementing Green's imprimitivity theorem [5, Theorem 6] . We view X as the completion of X 0 := C c (G, A) with respect to the formulas for the actions and inner products from [3, Equations B.5] . Tensoring with X then gives a bijection
on unitary equivalence classes of representations [14, Theorem 3.29] . When A = C, so that a representation of A × H = C * (H) is given by a unitary representation U of H, X-Ind U is the usual induced representation Ind
which we called U ∧ in the introduction.
Extending representations
Let α : G → Aut A be an action of G on a C * -algebra A, and denote by α :
Let (φ, W ) be a covariant representation of (A, G, α). There is an isomorphism of
, and we call the corresponding representation
The point for us is that if G is amenable, [3, Theorem 5 .16] and Mansfield's imprimitivity theorem [12, Proposition 21] together imply that a representation (π, U) of (A, N, α) extends to a representation (π, V ) of (A, G, α) if and only if X-Ind(π × U) is unitarily equivalent to a coaction-regular representation. (This is proved for A = C in [7, Theorem 4] , and the argument carries over; amenability is needed because [12] and [3, Theorem 5.16 ] are about reduced crossed products of actions and coactions.)
When H is not normal, it does not make sense to restrict α to G/H, and the candidate for a crossed product of A× α G by the homogeneous space G/H is (A⊗C 0 (G/H))× α⊗lt G (see the discussion in [4, §2] ). However, we can still use the quasi-regular representation
and we call this the quasi-regular representation induced from (φ, W ).
Theorem 1.
Suppose that α is an action of a locally compact group G on a C * -algebra A and H is a closed subgroup of G. Let X be the imprimitivity bimodule implementing Green's imprimitivity theorem, and (π, U) a covariant representation of (A, H, α) on H. Then there exists a covariant representation (π, V ) of (A, G, α) on H such that U = V | H if and only if X-Ind(π × U) is unitarily equivalent to a quasi-regular representation.
Proof. We will show that if there exists a representation V of G such that (π, V ) is covariant for (A, G, α) and U = V | H , then
This immediately gives the "only if" direction of the theorem. It also gives the converse: if X-Ind(π × U) is unitarily equivalent to the quasi-regular representation induced from φ × W , then (3.1) gives
so that π ×U is unitarily equivalent to φ×W | H because X is an imprimitivity bimodule. Now moving W over to the space of (π, U) gives V . So suppose that there is a representation (π, V ) of (A, G, α) such that V | H = U. We define Ψ :
the usual arguments show that Ψ(x ⊗ h) is a continuous function of compact support, and hence belongs to L 2 (G/H, H). We claim that Ψ extends to a unitary isomorphism
We start by checking that Ψ is isometric. Let x, y ∈ X 0 and h, k ∈ H. Then using the formulas for the inner product in [3, (B.5)], we have
using the covariance of (π, V ) for (A, G, α) and U t = V t for t ∈ H. At the expense of a modular function we replace s by s −1 , and then we write the integral over G as an iterated integral over G/H and H. This gives
Since ρ(st)∆ G (t) = ρ(s)∆ H (t) for s ∈ G and t ∈ H, we have
and an application of Fubini's Theorem gives
which is Ψ(x ⊗ h) Ψ(y ⊗ k) . Thus Ψ is isometric, and extends to an isometric linear
, it suffices to approximate ξ ⊗ h : sH → ξ(sH)h in the inductive limit topology by functions of the form
Fix ǫ > 0 and a relatively compact open neighbourhood K of supp f . Since π is nondegenerate, an approximate identity argument shows that there exists a ∈ A such that π(a)h − h < ǫ/3, and now an ǫ/3 argument implies that there exists a neighbourhood O of the identity in G such that
Os i contains K, and use a partition of unity to find
Note that supp x i ⊂ K, and hence the support of
the integrand vanishes unless p i (st) = 0, in which case sts
We have now proved that Ψ extends to a unitary isomorphism of
To finish the proof we verify that Ψ intertwines the two representations. Let b belong to the subalgebra
as required.
Recognising coaction-regular representations of the dual object
Let B be a C * -algebra and δ : B → M(B ⊗ C * (Q)) a coaction of a locally compact group Q on B. We write λ and ν for the left-and right-regular representations of Q on
and with the left action given by the canonical surjection
becomes a right-Hilbert (B × δ Q ×δ Q)-B bimodule, which we denote by Z. We will also view B ⊗ L 2 (Q) as a right-Hilbert (B × δ Q)-B bimodule; to distinguish the two we will write Z 
induced from π, and Z-Ind
Proof. It is straightforward to see that the map θ determined by
. Denote by j B , j C(G) and j Q the canonical maps of B, C 0 (Q) and Q into M(B× δ Q×δQ). To see that θ intertwines, it suffices to check that
, and (3) θ Z-Ind π(j Q (s))ζ = (1 ⊗ ν s )θ(ζ) for b ∈ B, f ∈ C 0 (Q), s ∈ Q and ζ ∈ Z ⊗ B H; it further suffices to consider ζ of the form a ⊗ η ⊗ h for a ∈ B, η ∈ L 2 (Q) and h ∈ H. Equations (2) and (3) are straightforward. To check (1), we use the nondegeneracy to write η = λ(c)ξ for c ∈ C * (Q) and ξ ∈ L 2 (Q); then δ(b)(1 ⊗ c) ∈ B ⊗ C * (Q), and we can approximate it by a sum n j=1 b j ⊗ c j ∈ B ⊗ C * (Q). Now we can do an approximate calculation:
since the approximations can be made arbitrarily accurate, this implies (1). Of particular interest to us is the combination: the restriction of a dual coaction is maximal.
A coaction δ : B → M(B ⊗ C * (Q)) is maximal if the canonical map Φ at (4.1) is an isomorphism [2, Definition 3.1], and then
For a closed normal subgroup N of G, the action rt : G/N → Aut C 0 (G/N) defined by rt tN (f )(sN) = f (stN) commutes with α ⊗ lt, and hence induces an action β of G/N on (A ⊗ C 0 (G/N)) × α⊗lt G such that
The isomorphism of (A⊗C
Proposition 3. Suppose that α is an action of a locally compact group G on a C * -algebra A, N is a closed normal subgroup of G and π : (A ⊗ C 0 (G/N)) × α⊗lt G → B(H) is a representation. Then π is unitarily equivalent to a coaction-regular representation if and only if there exists a representation T of G/N on H such that (π, T ) is a covariant representation of ((A ⊗ C 0 (G/N)) × α⊗lt G, G/N, β).
Proof. If we start with a coaction-regular representation (φ
, then the right-regular representation T = 1⊗ν has the required property. So if π is unitarily equivalent to (φ ⊗ M G/N ) × (W ⊗ λ) we only need to move 1 ⊗ ν to the space of π to obtain T .
Conversely, suppose that (π, T ) is covariant for ((A ⊗ C 0 (G/N)) × α⊗lt G, G/N, β), and view (π, T ) as a covariant representation of ((
Writing π 1 :=Z-Ind(π × T ) and applying Proposition 2 to Z-Ind π 1 shows that
and in particular that π is equivalent to the regular representation ((π 1 ⊗λ)•δ)×(1⊗M) of (A × α G) ×α | G/N. Thus the corresponding representation of (A ⊗ C 0 (G/N)) × α⊗lt G is coaction-regular.
Combining Theorem 1 and Proposition 3 gives:
Theorem 4. Suppose that α is an action of a locally compact group G on a C * -algebra A and N is a closed normal subgroup of G. Let (π, U) be covariant representation of (A, N, α) on H. Then there exists a representation V of G on H such that (π, V ) is a covariant representation of (A, G, α) and V | N = U if and only if there exists a representation T of G/N such that (X-Ind(π × U), T ) is a covariant representation of
Taking A = C in Theorem 4 yields the following solution to our original extension problem for representations of locally compact groups, which removes the amenability hypothesis from [7, Theorem 4] . 
Recognising quasi-regular representations of the dual object
When H is not normal, Theorem 1 tells us that we need to characterise the quasiregular representations of (A ⊗ C 0 (G/H)) × α⊗lt G. As a first shot at this, let Y be the Theorem 6. Suppose that α is an action of a locally compact group G on a C * -algebra A, H is a closed subgroup of G, and φ is a representation of
Then φ is unitarily equivalent to a quasi-regular representation if and only if there exists a representation S of G such that (µ, S) is covariant for
The implications of this theorem for our extension problem, though, are not particularly impressive: combining Theorems 1 and 6 tells us that a representation (π, U) of (A, H, α) extends to a representation (π, V ) of (A, G, α) if and only if a particular representation of (A ⊗ C 0 (G/H)) × α⊗lt G, H, β extends to a representation of (A ⊗ C 0 (G/H)) × α⊗lt G, G, β . In other words, we have just swapped one extension problem involving H and G for another.
To get a more useful result, we will work with a normal subgroup N of G such that N ⊂ H and reduce the extension problem from H to G to an extension problem from H/N to G/N. Theorem 6 will be the special case N = {e} of Theorem 8 below. To prove Theorem 8, we need the following improvement on [4, Proposition 1.1] (which we recover by taking N = {e}).
Proposition 7. Let α be an action of a locally compact group G on a C * -algebra A, let H be a closed subgroup of G, and let N be a closed normal subgroup of G with N ⊂ H. Then C c (G × G/N, A) completes to give an
Proof. This proof is similar to the proof of [4, Proposition 1.1], so we omit some details. Define left and right actions of H/N × G and G on G/N × G by (hN, t) · (sN, r) = (hsN, tr) and (sN, r) · t = (stN, rt) for h ∈ H and s, t, r ∈ G. These actions are free and proper and commute. Define σ : H/N × G → Aut A by σ (hN,t) = α t , and take τ : G → Aut A to be the trivial action; clearly σ and τ commute. By [8, Lemma 5.1], there are actions κ = σ ⊗ lt : H/N × G → Aut(Ind τ ) and ω = τ ⊗ rt : G → Aut(Ind σ) on the induced algebras Ind τ and Ind σ such that, for f ∈ Ind τ and g ∈ Ind σ,
, and
By the symmetric imprimitivity theorem [13, Theorem
are suitably equivariant, hence induce isomorphisms
At this stage we have an L-R imprimitivity bimodule based on C c (G/N × G, A), and chasing through the construction and isomorphisms gives the following formulas for the actions and inner products:
1 , we combine the inner products and actions with the vector space isomorphism Υ :
(We apply Υ to make our construction compatible with others, so that, for example, when H = N = {e} and B := (A ⊗ C 0 (G)) × α⊗lt G we recover the standard bimodule B B B ; it is then easier to compare Y with bimodules implementing Manfield imprimitivity.) We end up with an L-R imprimitivity bimodule based on C c (G × G/N, A) with formulas
When N = {e} these formulas reduce to those of [4, Proposition 1.1].
Theorem 8. Suppose that α is an action of a locally compact group G on a C * -algebra A and H is a closed subgroup of G. In addition, let N be a closed normal subgroup of G with N ⊂ H and π a representation of
where Y is the imprimitivity bimodule of Proposition 7, so that T is a representation of H/N on Y ⊗ (A⊗C 0 (G/H))×G H. Then π is unitarily equivalent to a quasi-regular representation if and only if there exists a representation S of G/N such that (µ, S) is covariant for ((A ⊗ C 0 (G/N)) × α⊗lt G, G/N, β) and S| H/N = T .
Proof. Let (φ, W ) be a covariant representation of (A, G, α) on H. We define a map Ψ :
Ψ is well-defined because ρ(sn) = ρ(s) for all n ∈ N. We claim that Ψ extends to an
, and intertwines the representations
. This claim will take a fair bit of work, but it immediately gives the "only if" direction of the theorem because T = 1 ⊗ ν| H/N extends to a representation of G/N, and it will help with the converse too. 1 The formula for the automorphism Υ on the last line of [4, page 156] should be Υ(x)(r, s) =
To see where the formula for Ψ comes from, observe that the separate actions of G, H/N and C 0 (G/N, A) on the imprimitivity bimodule Y are
To see that Ψ intertwines the two representations, we deal with these actions separately. Let y ∈ C c (G × G/N, A) and ξ ∈ H. Then To see that Ψ is isometric, we compute: After the changes of variables t −1 r → r, t −1 sN → sN and t → t −1 followed by an application of Fubini's, theorem this becomes Thus Ψ extends to a linear isometric map Ψ of
To see that Ψ has dense range it suffices to approximate in the inductive limit topology functions of the form sN → η(sN)h for η ∈ C c (G/N) and h ∈ H. Fix ǫ > 0 and a compact set K in G such that K/N is a compact neighbourhood of supp η. As in the proof of Theorem 1, there exist a ∈ A and a relatively compact neighbourhood O of the identity in G such that φ(a)W r h−h < ǫ/ η ∞ whenever r ∈ O. Choose a nonnegative function f ∈ C c (G) with supp f ⊂ O, G f (r) dr = 1 and f ∞ ≤ 1, and also choose g ∈ C c (G/H) such that g is identically one on O −1 K/H. Define y ∈ C c (G × G/N, A)
